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Unsteady Burning of Solid Propellants

Oleg Ya. Romanov¤

Baltic State Technical University, 198005, Saint Petersburg, Russia

The application of methods of automatic control theory to the study of solid-propellant unsteady burning rate
is described. On the basis of measurements of solid-propellant mass burning rate, by the frequency method under
unsteady conditions, the necessary experimental data for identi� cation of functional models are obtained. The
results of functional modeling are used to solve unsteady combustion linear theory problems and to account for
the nonlinear effects of great variations of external parameters.

Nomenclature
A.!/ = amplitude frequency response function (FRF),

dimensionless
OA = amplitude of pressure oscillations,dimensionless
OAi = dimensionless parameter
JA, A.¿ / = amplitude of oscillations of unsteady burning rate,

dimensionless
a = ¸=c½ D thermal diffusivity, m2/s
ai = dynamic parameters of linear response function

(RF), dimensionless
bi = dimensionless parameter
Ci = dimensionless parameter
c = speci� c heat, kJ/kg ¢ K
ci = dimensionless parameter
c-phase = condensed phase in solid-propellantburning model
Di = dimensionless parameter
di = dimensionless parameter
F¤ = area of nozzle throat, m2

F.vn/ = nonlinear function in Eq. (47), dimensionless
F.¿ / = function in Eq. (25), dimensionless
f == @T =@x D temperature gradient, K/cm
fn = nozzle throat area deviation, dimensionless
f .t/ = function of a time in automatic control system

(ACS) dynamic equation (37)
G.¾ / = function of parameter ¾, dimensionless
G.¿ / = function of a time in Eq. (25), dimensionless
g = � rst dynamic parameter for considerationof

nonlinear effect in RF, dimensionless
g-phase = gas phase in solid-propellantburning model
H = parameter, dimensionless
h = second dynamic parameter for considerationof

nonlinear effect in RF, dimensionless
h i = coef� cients, dimensionless
h.¿ / = transfer function, dimensionless
Im = imaginary part of complex function
j =

p
¡1

K = parameter, dimensionless
L.!/ = amplitude FRF, dB
l = thickness of chemical reaction zone of condensed

phase in solid-propellantburning model, m
m = mass burning rate, kg/m2 ¢ s
nu; n¸; n! = coef� cients to considerate amendments to an

aperiodic part, fading decrement, and frequency
oscillations of unsteady burning rate in nonlinear
process, dimensionless

P = pressure, MPa
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p = Laplace operator, dimensionless; also derivative
operator in automatic control theory (ACT), s¡1

Q = heat release of generalized chemical reaction, kJ/kg
Q.p/ = � rst operationalpolynomial in ACS dynamic

equation (37)
q = energy � ux intensity, kW/m2

q; q 0 = harmonic linearization coef� cients
R = universal gas constant, 8.31 J/mol K
Re = real part of complex function
R.p/ = second operational polynomial in ACS dynamic

equation (37)
r = .@TS0=@TH /P0

r-zone = chemical reaction zone of condensed phase
S = area of burning surface, m2

S. p/ = operational polynomial for f .t/, Eq. (37)
sn = deviation in area of burning surface,

dimensionless
T = temperature, K
TH = initial sample temperature,K
t = time coordinate, s
u = linear burning rate, m/s
V = combustion chamber volume, m3

v = u=u0 D m=m0 , burning rate, dimensionless
W = response function, dimensionless
w. / = mass reaction rate, kg/m3 s
x = space coordinate, m
x.t/ = linear part in ACS dynamic equation (37)
yn = density deviation, dimensionless
y.t/ = nonlinear part in ACS dynamic equation (37)
Z = d 00=d P0

Z .t/ = small function in time, Eq. (38)
®c = relative concentrationof in condensed phase in

solid-propellantburning model, dimensionless
¯c = relative concentrationof reaction product in

c-phase, dimensionless
¯g = relative concentrationof initial substance in g-phase

reaction, dimensionless
0 =

p
.k/[2=.k C 1/].k C 1/=2.k ¡ 1/

°g = relative concentrationof reaction product in
g-phase, dimensionless

± = ºpr ¡ ¹k
" = small parameter, dimensionless
"i = parameter, dimensionless
´ = P=P0 D pressure, dimensionless
µ = .T ¡ TH /=.TS0 ¡ TH /, temperature, dimensionless
# = T=T0 ¡ 1, temperature disturbance in combustion

chamber, dimensionless
¸d = fading decrement in oscillations of nonburning

rate, s¡1

¸c; ¸g = thermal conductivity in c-phase and g-phase,
J/(m ¢ s ¢ K)

¹ = .@TS0=@ P0/=.TS0 ¡ TH /
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ºp = .@ u0=@ P0/TH

ºr = .@ u0=@ qr0/TH

» = u0x=a, dimensionless space coordinate; also, ¸=!0,
relative fading coef� cient, dimensionless

½ = density, kg/m3

¾ =
p

.p C 1
4 / ¡ 1

2
¿ = u2

0t=a, dimensionless time coordinate
8.t/ = small function in time
’.!/ = phase FRF, dimensionless
Â = V0u2

0=0F¤a
p

.Ã0 RT f / D P0V0u2
0=½c S0Ã0 RT f a

9.t/ = oscillation phase in time, rad
Ã.P; u/ = diabatic coef� cient, dimensionless
Ãp = .@ Ã0=@ P0/u0

Ãu = .@ Ã0=@ u0/P0

Ä = dimensionless circular frequency of oscillations of
free burning rate

! = external-factordriven circular frequency of
burning-rate oscillations, dimensionless

!d = external-factordriven circular frequency of
burning-rate oscillations, rad/s

!0 =
p

.Ä2 C ¸2/ D own circular frequency of
burning-rate oscillations, dimensionless

Subscripts and Superscripts

c = condensed phase or c-phase
f = � ame
g = gas phase or g-phase
i = initial
i = 1; 2; 3 : : : -counter
k = combustion chamber
l = r-zone boundary in c-phase
n = unsteady part
p = pressure
q = quasi-steadyvalue
r = external radiant � ux
s = burning surface
u = burning rate
y = steady limit
0 = base stationary value
¤ = resonance or critical values
» = value, dB
– = Laplace indicator

I. Introduction

M ODELING the unsteady burning of solid propellants (SPs)
is based on a steady combustion mechanism and quantita-

tive data obtained from experiments in which external factors, such
as pressure, radiant � ux, and initial sample temperature, were kept
constant. The complex nature of the burning zone is re� ected only
partially in unsteady models because of dif� culties in describing it
mathematically as well as incomplete data on the process of chem-
ical decomposition and combustion of components, interphase in-
teraction, and three-dimensionalheat and mass transfer.

The biggest efforts have been given to models based on the as-
sumption of one-dimensionalpropagation of the burning wave and
the quasi-steadynatureof processestaking place in the conventional
gas phase (g-phase)adjacent to the sample burning surface.This as-
sumption is, to a considerable degree, met by homogeneous SPs
[double-base (DB) propellants] if one neglects the phenomena of
clearly three-dimensional and unsteady character arising from the
presence of a surface carbon-frame layer, the thickness of which
varies over time because it is eroded by the gaseous products � ow-
ing over it. Such phenomena are characteristic of the modern SPs
that contain various additives to the high-molecular mixture of the
main components.

The aforementioned assumptions also can be used with high ac-
curacywhen investigatingthe burningof compositeSPs in the range
of parameterswhen the dispersionof themain componentsensuresa
combustion regime in the g-phase characteristicof premixed gases.

A more complex problem takes place when similar models are used
to describe combustion processes of SPs based on ammonium per-
chlorate (AP). These propellants contain large fractions of oxidizer
particles,which expand the range of parametricvariation where the
burning rate is limited by diffusion processes in the g-phase. The
same problem is true for modern composite SPs with high-energy
additives containing microdispersed aluminum, which tend to ac-
cumulate and form agglomerates of metal particles on the surface
carbon-frame layer, discharge agglomerates and condensed parti-
cles into the g-phase,and burn and interact in the moving interacting
dispersed environment.

Thus, we can conclude that the use of linear models with a quasi-
steady g-phase assumes the averaging of parameters in the plane
perpendicular to the direction of the combustion wave movement,
and disregards local and microscopic effects. For this reason, the
data that are obtained experimentally and that are necessary for
calculatingthe unsteadyburning rate should be generalized,and the
presentationof experimentaldata should correspondto the burning-
zone structures used in the models that only conventionally re� ect
the real picture. Such conventionscan include the � at surface of the
burning sample, the temperatureand concentrationof the substance
on it, the kinetic parameters of chemical reactions in the condensed
phase (c-phase)and the g-phase, related thermal effects, durationof
particular stages of the process, and so on.

The models of SP unsteady burning described in Russian and
foreign sources differ by degree of generalization and universality.
Historically, a model by Zeldovich1 initiated a family of so-called
phenomenologicalmodels developedby Russian scientistsin which
the key position is occupied by the model of Novozhilov.2 The ap-
proach taken in this paper accounts for inertia of the heated c-phase
layer and provides for use of the steady-state functions u.P; TH /
and Ts.P; TH /.

Inertia of the entire c-phase is accounted for in the model pre-
sented in Ref. 3, which is constructed on the same principle. A
pioneering work in which the kinetics of homogeneous chemical
reactions of the c-phase and the g-phase occur over a narrow reac-
tionzone(r-zone)was presentedbyDenisonandBaum.4 That model
was detailed and clari� ed in a number of subsequent publications
by Russian and foreign researchers. Summer� eld and his cowork-
ers proposed models with distributed heat release in the g-phase, in
keeping with the experimentally determined law that the complex
transformationof a substanceis controlledbyboth chemicalkinetics
and diffusion.5 In those models, the calculations included the aver-
aging of parameters in planes perpendicularto the main directionof
the combustion wave movement. In a generalized model, DeLuca6

describes the most frequently used heat-release distribution along
the coordinatein the g-phasewith the help of threeparametersfound
by analysis of experimental data. Reference 6 contains references
to various literature sources. Such an approach can be considered
phenomenological to a certain degree.

The preceding main directions of investigation of SP unsteady
burningsuggestthat somespeci� c conceptsof burning-zonespeci� c
concepts structure should be used. Corresponding models fall into
theclassof structuralmodels.Theirmain shortcoming,asmentioned
earlier, is that the layout of the burning zone is simpli� ed relative to
the actual process.

Along with structural modeling, experimental methods can be
used to obtain data on the dynamic properties of unsteady burning
of SPs.7 They help to build functional mathematical models that
can play an independentrole in resolving a wide range of unsteady-
burning problems as well as serve as a base for further correctionof
the structuralmodels, thus more completelycoordinatingtheoretical
and experimental data.8

Direct measurements of propellant unsteady burning rate with
time-varyingexternal stimuli allow us to create the databaseneeded
for identi� cationof the burningzone and constructionof the transfer
functions (TFs) or the frequency response function (FRF). Experi-
mental dataare expandedconsiderablyby indirectdeterminationsof
burning-rateinstantaneousvaluesas well, but acceptablemathemat-
ical models are required for the processes running in experimental
setups.
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The propellant burning zone can be thought of as a complex
multidimensional automatic control system with several inputs and
outputs.Generally, various external factors, including, for example,
initial temperature, external radiant � ux, relative deformation, and
mass velocityof tangential� ow, can be input.As externaloutputsig-
nals, we can consider, for example, burning rate and � ame tempera-
ture, burning-surfacetemperature,and energy � ux into the c-phase,
depending on the assigned problem. With linear approximation the
connectionsbetween inputs and outputs can be establishedwith the
help of TF or FRF systems presented in matrix form.

Because the state of the burning zone at any instant is determined
by disturbancesof temperature pro� les, componentconcentrations,
and changes in its rheological properties with time, the given auto-
matic control system has an in� nite number of degrees of freedom
and falls into the class of distributed parameters. In that case, the
TFs contain transcendent and irrational expressions in a form that
can be taken from theoretical concepts if necessary.

Finding the relation between arbitrary input signals and outputs
of the automatic control system, on the basis of limited experimen-
tal investigation(object identi� cation), assumes the availabilityof a
certain database obtained directly and indirectly, as well as approx-
imation in a form � t for generalization.

The most expedient is a mathematical concept in a form coupled
with the results of phenomenologicaltheory of propellant unsteady
burning. In that case, it is convenient to analyze the reasons for pos-
sible disagreement between theory and experiment, so as to most
effectively carry out theoretical constructionson the basis of avail-
able experimental material.

Approximation leads to mathematical representation of a func-
tional model that helps to set up the given connection within some
range of parameters. As applied to unsteady burning, it is most
convenient to use FRFs or response of burning rate to a standard
determinate external effect.

II. Experimental Technique
To obtain the required experimental data, it is necessary to mea-

sure the burning rate with a time resolutionof at least a factor of 10
higher than the value 1=t0 D u2

0=a. This corresponds to isolation of
the unsteadyburninglow-frequencycomponentconnectedto the in-
ertia of the heatedc-phase layer that has the greatest relaxation-time
value. The unsteadycomponentof the burning rate is also subject to
a determination of the instantaneous burning-rate deviations from
quasi-steady values, but now only by an order of magnitude less
than the correspondingquasi-steadyvalues.

Among the techniques that answer such requirements for mea-
surements of burning rates are optical ones (high-speed� lming and
photo recording with self- and external illumination light) as well
as techniques based on measurements of instantaneous mass and
thrust created by the products � owing away from the burning sur-
face. A special place is occupied by a burning-rate measurement
technique that resolves an inverse problem of internal ballistics for
SP combustion in a semiclosed volume (combustion chamber).

All of the preceding techniques require additional study because
of their methodical errors. For optical techniques, it is a solution to
the problemofdisturbancesin the area of the sample and transparent
window contact9 or close to the side surface in the case of blowing
off.10 In the determination of instantaneoussample mass, it is nec-
essary to establish the effect of thrust on measurement results.11 If
thrust is being measured, the main task is to � nd a way to transform
thatvalue into a burning-ratevalue.12 Finally, in the indirectdetermi-
nationof burningrate by resolutionof an inverseproblemof internal
ballistics,in which the burningrate is derivedfrom the experimental
pressure-timecurve, the dif� culty is with an incorrectly formulated
problem with correspondingconsequences in accuracy of results.

The preferredexperimental techniquefor constructingfunctional
models is sample current mass determination.

A frequency method,11 which has small error in measurements
and high time resolution, was proposed for measuring the mass
burning rate of SP unsteady burning. The method is based on SP
sample mass measurement using an electromechanical frequency
converterand computerizedmeasuring instrumentscommonly used
in frequency-controlsensors.

Fig. 1 Schematic of the device for measurement of SP mass burning
rate by the frequency method. 1, SP sample; 2, elastic steel plate; 3,
electromagnetic coils; 4, ampli� er-exciter; 5, computerized frequency
meter; 6, code converter; and 7, light-beam oscillograph.

A block diagramis shown in Fig. 1. With burningof an SP sample
(1) � xed on an elastic steel plate (2), its mass diminishes. This
results in an increase in the natural mechanical vibrations of the
system performing self-sustained oscillations under the effect of
disturbancesproduced by electromagnetic coils (3) connected with
theampli� er-exciter(4).The directionof theoscillationsis indicated
by double-endedarrows. The frequency-modulatedsignal from the
ampli� er-exciter comes into the computerized frequency meter (5)
and the numerical results of the measurements from the frequency
meter output are recorded through the code converter (6) on the
light-beam oscillograph (7) or can be fed directly into a computer.

The system sensitivity to sample mass changes was 4000 units
of numerical variation for 1 g of burned propellant, when a fre-
quency meter with carrier frequencyof 50 MHz and an information
output rate of 600 Hz were used. The sensitivity increases propor-
tionally with a decrease in the information output rate, and vice
versa. Relative error in measuring the burning rate depends on the
burning-surfacearea, the information output rate, and the burning-
rate proper. For example, for a 5-g sample with a mass decrease
rate of 1 g/s and an interval between numbers of 0.01 s, the rela-
tive instrument error in measuring the burning rate is 2.5%. With an
increase in mass burning rate, the error decreases correspondingly.

The effect of sample vibrations on its burning rate was investi-
gated separately, by studying the steady-state burning rates of vi-
brating and steady samples. The beginning and ending times of
combustionwere registeredwith a light-beamoscillographwith the
help of a photodiode oriented in the burning zone. Ignition was
carried out with a radiant energy source. In those experiments, no
difference in steady-state burning rate of vibrating and stationary
samples was registeredwithin the range of measurement error. This
was true forvibrationsdirectedalong theburningsurfaceand normal
to it. In the latter case, the thrust acting in the vibrationdirection did
not affect the results of mass measurements within the error range.
This was proved by changing the direction of gravitational force
for a sample of 0.05 N in weight, which was done by rotating the
converter 180 deg. In so doing, the value of the oscillation period
measured to an accuracy of the sixth decimal place did not change.
The thrust measured with the technique described in Ref. 12 for a
sample burning at 1.5 mm/s and a burning surface area of 1 cm2

was less by a factor of 10 than the weight of the studied sample,
which gave grounds for use of that device to measure burning rates
of samples that produce thrust not exceeding 0.05 N.

The bulk of the database comprises the results of measuring the
mass burning rate of unsteady propellant burning with help of a
frequency sensor. The burning-rate disturbances in the region of
low frequencies are recorded quite con� dently in the region that
correspondsto the characteristictime for the portionof the burning-
zone–heated c-phase layer with the most inertia. In so doing, the
external effect on the burning zone is assigned in the form of either
varying radiant � ux or environmentalpressure.

Experiments with irradiation have been carried out on samples
burningat the end in a nitrogenatmospherein a continuous-�ux tank
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with constantpressureat roomtemperature.The burningsurfacewas
subjectedto irradiation.The radiant� ux intensitydependedon time,
with either harmonic oscillationswith slowly growing frequencyor
a constant radiant � ux that was suddenly turned off, which rather
accurately simulated a step-like change with time. The intensity
variation range of the radiant � ux was from zero to qrs D 20 W/cm2.

In anotherexperiment,in which the mean valueof qr was changed
with intermittent � ux, it was possible to obtain the required data for
extrapolation to qrs D 0. These results were used to determine the
system’s own motion relative to the propellant burning zone if ex-
perimental data were available for pressure-level changes within
the range of 0.1–1.2 MPa. A similar situation could be obtained by
studying unsteady combustion in a transitional regime in which the
constant-valueradiant � ux was turnedoff or pressurewas decreased
to the next lowest level. In the latter case, sample blowoffwith nitro-
gen was not performed, and the value range of the second pressure
regime was 0.1–4.6 MPa.

The experimentally used nontransparent DB propellant of the
N-type ballistite containing a combustion catalyst (1% MgO) has a
u0.P0/ dependence of the form

u0 D 0:35P0:81
0 cm/s .P0 D 0:1–0.8 MPa)

u0 D 0:32P0:68
0 cm/s .P0 D 0:8–3.0 MPa)

u0 D 0:37P0:57
0 cm/s .P0 D 3:0–6.0 MPa)

These values were obtained with a frequency sensor.
On thewhole, themeasurementtechniqueprovedto be convenient

because of a natural ability to discriminate between a useful signal
and noise level. The � rst stage of signal level was performed auto-
matically by the electromagnetic frequency converter with discrete
determinationof the samplecurrentmass,which presentsa primitive
function for the mass burning rate measurement. The second stage
involved computerized signal processing. To � nd the derivative of
the current mass, we used third-power splines with coef� cients de-
termined by the least-squaresmethod.

Note that, for a transitional area with decrease in external signal
(pressure or light � ow), we usually got about 20 discrete points
of mass measurement. In that manner the representativeness of
burning-rate measurements was ensured. A similar approach also
was used in experiments on the effects of harmonic variations in
radiant � ux in which the least-squares method was used to estab-
lish the average level, amplitude, and oscillation phases. Figures 2
and 3 present some experimental data on unsteady combustion of
propellants.They show the presence of an oscillatingcomponent in
responses of burning rate to changes in radiant � ux and pressure.

In the case of the radiant � ux effect, according to harmonic law
the dependenceof the variations in amplitude of the unsteady burn-
ing rate on input signal frequency demonstrates a pronounced res-
onance.

The oscillationamplitudeof the radiant � ux and its averagevalue
qr 0 have a nonlinear effect on the resonance. By extrapolating to
a zero value of amplitude, it is established that with a change of

Fig. 2 Linear resonance frequency vs pressure (experimental results);
f ¤ ; ! ¤ = dimensional and dimensionless resonance frequencies, respec-
tively.

Fig. 3 Transient un(t) regimes. a) External radiant � ux is turned off,
and b) pressure is decreasing to a lower regime. un(t) has the scale in
the right side of the chart.

Fig. 4 Realization variants of dependence P(t) in combustionchamber
for slowly decreasing pressure: a = stability losses in aperiodic regime,
b = stability losses in oscillatory regime, and c = stability regime is con-
tinuing. (Possible repeated regimes are not shown.)

qr 0 the frequency grows in a manner close to that for a power law
with a power index less than 2ºp . That is why the resonancecircular
frequency!, calculatedwith help of a scale, changes inversely (see
Fig. 2). The value of the thermal diffusivity coef� cient in calcula-
tions is taken as a D 10¡7 m2/s.

Thus, the results of the experiments with harmonic variations
in radiant � ux can help us to build amplitude and phase FRFs for
various qr 0, including its zero value. The error in amplitude and
phase absolute value for burning-rate oscillations is about 6% at
resonance frequency and it grows approximately as the reciprocal
of the square root if those parameters decrease proportionally.

As seen in Fig. 3, and in experiments in which the external con-
stant radiant� ux is turnedoff or the pressureis dropping,we observe
an initial time lag in burning-rate response relative to input signal
in the form of the quasi-steadyburning rate uq.t/. Then an effect of
overcontrol is manifested that can give proof of the presence of the
oscillating component in correspondingTFs.

Experiments of the second type were carried out using a combus-
tion chamber with a nozzle, where samples were burned at the end
surface. The pressure was changed in two regimes: either it slowly
decreased due to burnout of a plastic insert or it dropped to a lower
level after a sharp increase in the throat diameter. In those experi-
ments, measurements of both the pressure and the temperature of
the combustion products were accomplisheddirectly in front of the
nozzle inlet. As a result, it was possible to indirectly determine the
instantaneouspropellant mass burning rate averaged over the burn-
ing surface by making use of a known internal ballistics equation
and a zero-dimensional formulation with variable temperature of
combustion products (numerical solution of inverse problem).

In experiments of that type with DB propellant,we used samples
of composite propellant based on AP and butyl rubber with alu-
minum powder added (18%). The dependenceof the burning rate of
the secondpropellanton pressurehas the formofu0 D 0:8 P0:64 cm/s
in the low pressure range of 0.1–0.8 MPa.

In the case of pressure drop in the combustion chamber, we have
a picture of unsteadyburning-ratebehavior that agrees qualitatively
with the one shown in Fig. 3. However, in cases in which the pres-
sure decreased slowly, some nonlinear effects took place close to
critical regimes, correspondingto low-frequency loss of stability in
SP combustion in a semiclosed volume. Typical dependencies P.t/
are presented in Fig. 4a–4c. Combustion of DB propellant results
in stability loss variants (a) and (b), and even in the � rst one, the
unsteady burning rate during the pressure drop has an oscillation
component that is less obvious. The composite propellant gives a
picture of stability loss of (b) type or self-sustainedoscillationswill
be damped in the process of a pressure decrease (c) with gradual
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transitioninto a regime with subcriticalescape from the nozzle.One
or the other variant of system behavior is realized through pressure
level, free volume, burningzone, and parameters that determine the
completeness of component combustion in the chamber for each
propellant.

By varying the initial conditions of the experiments, different
types of pressure self-oscillation for different amplitudes and fre-
quencies could be excited, allowing us to extrapolate the transition
of unsteady burning rate to the zero level of input signal with the
purposeof constructingFRFs in linear approximation.A similar ap-
proach was used in the pressuredrop throughvariationof difference
in levels of the � rst and second regimes.

In studyingnonlineareffects,extrapolationsto zero amplitudeare
not needed. Experiments with great deviationsof unsteady burning
rates from quasi-steadyvalues allow us to � nd corrections to linear
dependencies as functions of the deviation value.

Thus, extensive experimental data on propellant unsteady
burning-ratedependencieson variable externalparameterswere ac-
cumulated,which comprisesa necessarydatabase for determination
of FRFs and TFs.

III. Relationships for Generalization
of Experimental Data

Identi� cation of the SP burningzone as an automatic control sys-
tem can be carried out by techniquesdevelopedin automatic control
theory.13 There may be a few variants for building a corresponding
functional model, and some of them are tried out in the present
study, for example, use of formal representations of transfer func-
tions (TFs) with the help of inversely proportionaldependencieson
the complex variable, as well as Legendre’s orthogonal functions
in reduction of the impulse transfer function (ITF) according to the
data from experiments on transition processes. However, despite
the possibility of wide application of such functional models, the
given direction does not contribute to discovery of internal rela-
tions in transfer functions and makes comparison with theoretical
results dif� cult. For that reason, it seems more convenient to present
transfer functions in a form that follows from structural models.

Let us examinea formulationof theunsteadycombustionproblem
in structuralmodeling in which a process low-frequencycomponent
is isolated, but high-frequencyones are disregarded.A correspond-
ing, traditionally used mechanism of SP burning zone is presented
in Fig. 5. In that � gure, the temperature pro� le throughout the en-
tire space and the pro� le of the initial substance concentration in
the c-phase are displayed. The pro� le of the substance concentra-
tion in the g-phase is not re� ected because it essentially depends
on what regime of burning—kinetic, diffusion, or intermediate—is
realized.How deep the generalizedchemical reaction in the g-phase
is running, which is related to concentration,can be assessed from
the distributionof heat release along the coordinate,which is deter-
mined by differentiating the dependence T .x/. Figure 2 also rep-
resents a linear frequency response for the cross-sectionalcurve of
heat release intensity, which can be approximated by use of three
parameters, as suggested by de Luca et al.6 This concept re� ects
the most general picture of the process. In this mechanism, not only
the maximum combustion temperature T f may be meaningful, but
also the maximum temperatureof the � rst stage in the g-phase if the
next temperature is realized in the afterburningregime. If that is the
case, the following stage does not affect the burning rate.

Fig. 5 Schematic of the SP burning zone (1 = qualitative sketch of
volumetric heat release rate according to Ref. 6).

In the c-phase the processes are described by equations for un-
steady heat and mass transfer:

½ccc
@T

@ t
D @

@x
¸c

@T

@ x
¡ ccmc

@T

@x
C Qc Wc.®; T / C qr .x/ (1)

½c
@®

@t
D ¡mc

@®

@x
¡ Wc.®; T / (2)

with boundary conditions

x D 0; T D Ts.t/; ® D ®s .t/

x ! ¡1; T ! TH ; ® ! 1

t D 0; T D Ti .x/; ® D ®i .x/ (3)

which correspond to the generalized chemical reaction in the c-
phase—¿c-phase initial substances¡ reaction productsÀ, during
which ® C ¯ D 1.

Because the characteristic g-phase relaxation time is much less
than the relaxation time of the temperature pro� le in the c-phase,
let us consider burning zone g-phase quasi-steady. That condition
simultaneously plays the role of a low-frequency � lter, which cuts
off high-frequencycomponents in unsteady processes.

Such an approachhelpsus to avoid formulationof generalnonlin-
ear equations for heat and mass transfer in the g-phase, which also
require that interface interaction be taken into account. To achieve
the assigned goal of determining the burning rate averaged by the
sample cross-section, it is suf� cient to maintain heat and mass bal-
ance within the burning-zoneg-phase.

To simplify the procedure without narrowing the generalization
of results,we assume that in dispersed particles a chemical reaction
¿c-phase initial substance¡ reaction productÀ with relative con-
centrationsof ® and ¯ is in process. Immediately in the gas medium
the reactionproduct in the c-phasebut alreadyin a gaseousstate acts
as an initial product. Corresponding relative concentrations ¯g and
°g follow the equation¯g C °g D 1. Besides, let us restrict ourselves
to the case in which combustion proceeds under adiabatic condi-
tions with a completed chemical reaction, and thermal parameters
cc; cg and ¸c; ¸g are constant. Let us specify that those restrictions
are only introduced to shorten the mathematical description and, if
necessary, can be removed.

Then, the determination of heat, substance, and component con-
centration °g balances in the interval between the planes normal
to the x axis with x D 0, and x D x f gives the following relations
between the parameters averaged in those planes:

¡¸g fgs ¡ cgmg.T f ¡ Ts/ C mg.Qc C Qs /®s C mg Qg D 0 (4)

mc D mg D m (5)

mg D
Z x f

0

wg.°g; T / dx (6)

Besides, with x D 0 we observe continuity of heat � ow, taking into
account phase and chemical transformationson the c-phase surface
with total thermal effect of Qs :

¸c fcs D ¸g fgs C mQs .1 ¡ ®s / C qr .0/ (7)

Concentrations of initial substance on the surface ®s are due to
physicochemical and rheological properties of the c-phase surface
layer and should be designated by the relation

®s D ®s.P; Ts; fcs / (8)

Equations (1), (2), and (4–8) with the conditions given in
Eq. (3), determine seven unknown unsteady parameters ®s; Ts ,
fs; fsg; m; mg , and T f under the condition that the dependence of
external effects (pressure, radiant � ux, etc.) on time is assigned. Let
us write a general pressure dependence:

P D P.t/ (9)
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With inertia-free g-phase, three basic variations may occur, which
are re� ected in unsteady-burning phenomenological models pos-
sessingthemostgeneralfeaturesandwhichareof interestfor search-
ing a TF form for building a functionalmodel. For all of them, it is
justi� ed not to carry out a detailed study of physicochemical pro-
cesses of transformations in that portion of SP burning zone that is
assumed to be inertia-free, but to use conclusions from relations of
heat and substance balance at g-phase burning-zoneborders.

In Zeldovich’s1 and Novozhilov’s models2 the r-zone of the c-
phase located in the interval of ¡1 · x < 0 is also assumed to be
inertia-free, and the propellant is nontransparent.For the propellant
heated layer .x < ¡1/, where we can neglect the chemical reaction,
Eq. (1) is written without the last two terms (shortenedversion), and
Eq. (2) becomes con� uent as ® ´ 1. In addition to Eqs. (4–8), let us
write relations of heat and mass for the c-phase r-zone:

¡¸c f1 C ¸c fs ¡ ccmc.Ts ¡ T1/ C mc Qc.1 ¡ ®s/ D 0 (10)

m.1 ¡ ®s/ D
Z 0

¡1

w.®; T / dx (11)

These establishrelationsfor two additionalparameters:T1 and f1.
Further, it is assumed that T1 ¼ Ts , which allows us to expresson the
basis of Eqs. (4) and (11) each of the unknown unsteady parameters
as a functionof one of the others (e.g., internal temperaturegradient
or pressure). It is convenient to use the equations

m D m. fc1; P/; Ts D T . fc1; P/ (12)

jointly with the shortened equations (1) and (9) to determine m.t/,
Ts .t/, and fc1.t/. InZeldovich’s model, it is assumed that Ts D const;
Novozhilov’s model is free of that restriction.

Because Eqs. (12), like the other similar equations related to
quasi-steady g-phase, are valid to a variable extent for steady and
unsteady processes, we can use, instead of Eqs. (12), the steady
relations

m0 D m0.TH ; P/; Ts0 D Ts0.TH ; P/ (13)

In Eq. (2), a method for transformationof Eqs. (13) into Eqs. (12) is
given. If one uses experimental functions (13), then data on the spe-
ci� c mechanism of processes in the quasi-steadyportion of the SP
burning zone can be neglected, and the models possess the highest
level of generalization in the abovespeci�ed assumptions.

Those assumptionshave some contradictionresultingfromactual
identi� cation of T1 with Ts (see Fig. 4), which leads to a partial
account for the time lag in the r-zone of the c-phase, as well as
for the chemistry of the degradation processes due to variations of
Ts in Novozhilov’s models. It can be ascertained easily whether to
continueMichelson’s steady-statetemperaturepro� le in thec-phase
from T1 to Ts into the r-zone of the c-phase. However, such an
approach, on the whole, improves the model quality in terms of
quantitative comparison with experiments.

An exceptionalmerit of Novozhilov’s model is its minimal math-
ematical description. A number of known models with concrete
mechanisms and kinetics of chemical reactions in the c-phase that
are based on the time-lag property of the heated c-phase layer give
results that can be considered as speci� c cases of that model (see
Ref. 2).

If so wished, it is possible to account for thermal parameters as
functionsof temperatureand radiant � ux (see Ref. 2). The losses of
heat fromtheg-phaseleadingto diabatic� ame alsocanbe accounted
for by introducing a corresponding correction into Eq. (13) (see
Ref. 2).

In the third variant of the phenomenological model, the time-
lag property of the entire c-phase in the unsteady process is taken
into account.3 Here, Eqs. (1–9) are used to determine seven un-
steady parameters ®s; Ts; fcs ; fgs ; m; mg , and T f as functions of
time.Equations (4–8) give� vequasi-steadyrelationsbetweenthem.
For that reason, it is possible to isolate two parameters on which the

other � ve depend, which are also functions of pressure. It is conve-
nient to use the relations

m D m.Ts; fcs ; P/; ® D ®s.Ts; fcs ; P/ (14)

In contrast to Eq. (13), here we have not two, but three, independent
values that determine the instantaneous quasi-steady distribution
of parameters in the g-phase, which apparently only in a speci� c
case may coincide with one distribution for some steady regime.
Solution of Eqs. (1) and (2) together with Eq. (4) determines the
pro� les of concentrationand temperature in the c-phase and the SP
burning-zonemass rate.

As shown in Ref. 3, to � nd relations (14), it is possible to use the
steady relations

m0 D m0.TH ; P/; ®s0 D ®s0.TH ; P/ (15)

and the heat balance equation for the steady phase,

¸c fcs0 D ccm0.Ts0 ¡ TH / ¡ m0 Qc.1 ¡ ®s0/ (16)

which should be considered as an implicit formulation of the func-
tions TH . fcs0; Ts0/ with constant pressure. Having taken partial
derivativeswith respect to fcs0 and Ts0, it is possible to describe the
closevicinityof parametervariationswith respectto the correspond-
ing steady-state regime in the g-phase in the form of transforms3:

m0.TH ; P/ ! m0.Ts0; fcs0; P/

®s0.TH ; P/ ! ®s0.Ts0; fcs0; P/ (17)

Similarly to the precedingcase, it is possibleto accountfor the effect
of variable thermal coef� cients in the c-phase, radiant � ux, diabatic
character of the � ame area, and incompletenessof combustion. All
of the unsteady-burningmodels with concreteg-phase structureand
that account for time lag of the c-phase only are special cases of
Romanov’s model.3 When one determinesEqs. (15) and Ts0.TH ; P/
experimentally, the data on concrete mechanism and parameters of
the process in a quasi-steadyg-phase are not necessary.

It should be pointedout that the concretekineticsof the chemical
reaction in the r-zone of the c-phase are still required. In particular,
Romanov3 used variants of generalized chemical reactions of the
zero and � rst order.

Thus, unsteady-burningphenomenologicalmodels that possess a
high levelof generalizationcan serve as a base to determinethe form
for presentation of experimental transfer functions, which should
correspondto the theoreticalstructureof TFs andsatisfy the require-
ments for an optimum mathematicaldescription.The latter provides
for a decrease in the number of parameterscharacterizingTFs to the
limit of the accuracy of experiments and any approximation. In this
regard, it is convenient to compare variants of dimensionless TF
structure in unsteady-burning theory and to establish general laws
for its synthesis,making use of the induction principle (in our case,
evolution of structure following progressive complication of the
model).

In a linear approximation written with the help of TFs, the de-
pendence for representation by the Laplace function of unsteady
component of burning rate is determined by the equation

vn D Wp´n

According to phenomenologicaltheory,1;2 in a model with constant
surface temperature Ts , two Zeldovich–Novozhilov (ZN) parame-
ters are present .ºp and k/, and an expression for the TF written in
canonical form in terms of automatic control theory will look like8

Wp1 D ºp
1 C ¾

1 C .1 ¡ k/¾
(18)
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In the model with a variable, the description is carried out with four
parameters .º p; k; r; ¹/:

Wp2 D ºp
.1 C ¾ /.1 C ±¾=º/

1 C .1 C r ¡ k/¾ C r¾ 2

D ºp
.1 C ¾ /.1 C ±¾=º/

[1 C .1 ¡ k/¾ ][1 C r¾ C rk¾ C ¢ ¢ ¢]
(19)

Here, ºp plays the role of gain factor. In the numerator and denomi-
nator, the simple multipliers appear in the form of linear and square
equations, relative to ¾ , with 1 as a limit in decreasing p. Compar-
ing Eqs. (18) and (19), it is possible to see the structure evolution
Wp with further complication of the model. Note that the values
r; ¹; k should be calculated on the basis of data on the temperature
of the boundary,which is taken as an interface of the r-zone and the
c-phase heated layer for real systems with � nite thickness of r-zone
(usually this assumption is not complied with).

The presence of an irrational component in the TF shows that
the burning zone is equivalent to an automatic control system with
distributed parameters (it possesses an in� nite number of degrees
of freedom) and a result of solution of the linearized equation for
unsteadyheat conductivityin the c-phaseheated layer,duringwhich

Re
q

p C 1
4

¸ 0; p D ¾ .¾ C 1/

In expression (19), it is more convenient, however, to switch to
another group of parameters,having gotten rid of irrationalityin the
denominator:

Wp2 D ºp
1 C ¾ C a2 p C a3 p¾ C a4 p2

1 C .2¸p C p2/=!2
0

(20)

where

¸ D [r.k C 1/ ¡ .k ¡ 1/2]=2r 2; !0 D
p

k=r

a2 D .±=º/ C [.k C r ¡ 1/=k]

a3 D .± C ¹/=º; a4 D ±r=ºk

i.e., ¸ and !0 are decrementsof attenuationand natural frequencyof
burning-ratedeviations.Instead of a group of parameters ºp; r; ¹; k
proceeding from Eq. (20), it is convenient to take ºp ; ¸; !0; a2.

Taking into account the � ame diabaticity results in the appear-
ance of two more parameters in the burning-zonedescription.2 They
are important for characterizing the process as a whole, but do not
change the structure of Eqs. (18–20).

In the third phenomenological model of SP unsteady burning,
with completely inertial c-phase, the TF already contains at least
six independent parameters.3 In the numerator and denominator of
the expression for Wp3, a special kind of series is included—a hy-
pergeometricone, for a zero-orderchemical reaction in the c-phase.
They can be approximated in form of a truncated exponentialseries
with respect to ¾ . When the condition of time-lag property of the
c-phase r-zone does not change the number of denominator roots
Wp3 in the low-frequency range,3 we obtain for TF

Wp3 D ºp
1 C Ã.¾ /

1 C .2¸p C p2/=!2
0

(21)

where Ã.¾/ is the fractional rational function of ¾ and the
lim Ã.¾ / D 0 as ¾ ! 0. The functionÃ.¾ /, in addition to ºp; ¸; !0,
is characterized by three more independent parameters. They may
be coef� cients in simple multipliers grouped depending on Ã.¾ /.
The � ame diabaticity in the given model adds two more parameters
but does not affect the Wp3 structure.

Thus, complication of the model leads to a corresponding com-
plication of the TF structure because of the increase in a number of
parameters being varied, while keeping the oscillating component
from the second model [denominators in Eqs. (20) and (21)].

For uniform processing of experimental data in the case of a
random change in the pressure with time in a linear approximation,
it is necessary to use the known equations for ITF kp.¿ /:

Wp.p/ D
Z 1

0

kp.¿ /e¡p¿ d¿ (22)

vn.¿/ D
Z

¿

0

kp.¿ ¡ »/´n.» / d» (23)

The last is true for a random dependence of input signal ´n.¿ / and
zero initial data.

IV. Results of Experimental Study
In the processingof experimentaldata, some attempts were made

to variouslyrepresentFRFs and the related ITFs. In the experiments,
a condition that one variant of FRF structure � t all pressure ranges
was complied with. In so doing, it was taken into account that, in
transition for complex FRFs, it is suf� cient in expressions for TF
to substitute p for j!, � rst to obtain Wp. j!/ and then to obtain
amplitude and phase FRFs.

First, the experiments with a radiant � ux effect according to har-
monic law were examined.To process them, a region of frequencies
from ! D 0 to !k was chosen that met a response amplitude equal
to 20% of quasi-steadyburning-rateamplitude .!k > !¤/. The lim-
itation of that frequency is due to progressively increasing error
following attenuation of the output signal. (With ! D !k it exceeds
by approximately 5 times the error typical for the resonance area.)
For the same reason, the number of experimental points involved in
the processingwere selected more densely relative to the resonance
frequency !¤.

For an optimum mathematicaldescription,it is expedient to grad-
ually increase the number of parameters involved, trying to achieve
the highest admissible approximation accuracy.

A typical situation occurring in the processing of experimental
data is shown quantitatively in Fig. 6. With help of two-parameter
approximation of the type in Eq. (18), i.e., curve 1, we can suc-
ceed only in describing the initial portion of experimental FRFs,
i.e., curves 0. The use of a four-parameter approximation in form
of Eq. (20), i.e., curves 2, cannot satisfy the requirements for accu-
racy either, since experimental FRFs do not re� ect more vigorous
integration of the property of transfer function as compared to ex-
perimental one. Finally, with help of a six-parameter function in
form of

Wr D ºr
1 C a1¾ C a2 p C a3 p¾

1 C .2¸ C p2/=!2
0

(24)

which can be compared to Eq. (21), we succeed in describing ex-
perimentalcurvescompletelywith suf� cient accuracy.However,we
may limit ourselvesto � ve parameters in order to shorten the mathe-
matical description,assuming that a3 D 0 (curves 3). This increases
the approximation error, which is more perceptible in the region of
high !. Keeping the sixth parameter a3 in Eq. (24) makes sense
when we enlarge the examined region, increasing the values of !,
and the accuracy of the experiment increases.

Fig. 6 Selection of approximate dependencies with various numbers
of dynamic parameters.
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The ITF is recovered with the help of Laplace inverse transform
by Eq. (24) with a3 D 0. The � nal expression is found by expanding
into the simplest fractionswith complex denominatorsand reducing
to the relations given in Ref. 14:

kr .¿ / D ºr e
¡¸¿ f[A2 C C2.b1 F ¡ b2G/] sin Ät

C [B2 C C2.b2 F C b1G/] cosÄtg (25)

where Ä D
p

.!2
0 ¡ ¸2/ is the frequency of system free movement,

and

b1 D
h

1
2

q¡
1
4

¡ ¸
¢2 C Ä2 C 1

4
¡ ¸

i 1
2
; b2 D Ä=2b1

F D erf.b1¿ / C
2

p
¼

e¡b2
1¿

Z b2
p

¿

0

ey2
sin.2b1

p
¿ y/ dy

G D 2
p

¼
e¡b2

1¿

Z b2
p

¿

0

ey2
cos.2b1

p
¿ y/ dy

A2 D !2
0

"

³
1 ¡

a1

2
¡ a2¸

´

B2 D !2
0 ¢ a2; C2 D 2

³
!2

0

Ä
¡ A2 ¡ B2

´

Out of the � ve determiningparameters,one (ºr or ºp) is known from
the steady-state experiment; the rest were determined in dynamic
regimeswith an extrapolationto zero amplitudeof the externalstim-
uli. The method of random search was used. The optimum combi-
nation of parameters is in accord with a minimum rms deviation in
the approximation of the transition processes and the mean relative
deviations for experimental amplitude and phase FRFs.

The generalizedresults of the experiments are given in Table 1. It
follows from the table that the natural nontransparencyof a DB pro-
pellant of the given formulation makes similar the effect of radiant
� ux and pressure. Therefore, we can derive a unique TF

Wu D Wr =ºr D Wp=ºp

The table also presents the values of the relative attenuation co-
ef� cient ³ D ¸=!0 characterizing the system steadiness factor and
approximation rms error.

For the � rst three lines of the table, the amplitude (upper number-
ing) and phase FRFs correspondingto TF Wu. j!/ amplitudevalues
in decibels are shown, Lu D 20 log Au.!/.

In the experimental TFs, the integrating property prevails, espe-
cially in the region of high frequencies, ! > !¤, where ’ has high
negative values. It is clearly re� ected in a noticeable time lag of
the unsteady burning rate response at the initial stages of the transi-
tional processes for DB propellant (see Figs. 3a and 3b), when the
main contribution to the value of the output signal is made by high
frequencies.

Table 1 Dynamic parameters of mass burning rate
of unsteady burning

P , MPa ºp ºr ¸ Ä a1 ¡a2 ³ » ° , %

DB propellant
0.1 0.81 0.14 5.3 9.7 0.22 0.015 0.48 —— 6
0.4 0.81 0.038 1.9 3.1 0.36 0.05 0.53 —— 6
0.8 0.75 0.024 1.26 1.8 0.40 0.06 0.58 —— 7
1.2 0.68 0.018 0.97 1.23 0.43 0.07 0.62 —— 7
2.0 0.68 —— 0.76 0.89 0.45 0.13 0.65 —— 8
3.2 0.57 —— 0.51 0.58 0.49 0.14 0.66 —— 8
4.6 0.57 —— 0.41 0.45 0.50 0.22 0.67 —— 8

Composite propellant
0.1 0.64 —— 1.0 1.3 0.45 0.12 —— 0.77 6
0.4 0.64 —— 0.82 0.96 0.52 0.15 —— 0.86 7
0.8 0.64 —— 0.64 0.70 0.55 0.18 —— 0.91 7

Fig. 7 Experimental amplitude and phase of FRF for pressure levels
0.8 (1), 0.4 (2), and 0.1 MPa (3).

A minor effect revealedby approximationtakesplace at low pres-
sures in the low-frequencyregionwhere 0 (shownas an enlargement
in the inset in Fig. 7). Let us note that the presenceof a section with a
leading response phase is most important in studying the steadiness
limit in the combustion chamber process.

The system steadiness factor in linear approximation can be as-
sessed primarily by its value (see Table 1). It is quite high, which is
evidence of strong damping. Closer to the steadiness boundary, the
propellantsthat are being studied are found at low pressures,where
³ is lower. A similar conclusioncan be reached by examining tradi-
tional quality criteria, which usually are used for closed automatic
control systems.13

The proposedmethodof identifyingthe SP burningzone as an au-
tomatic control system allows us to have extensive data on TFs and
ITFs for concrete SPs at various levels of pressure, initial tempera-
ture, radiant � ux, and so on. By generalization of the experimental
results, we can arrive at the principal results of the linear theory of
unsteady burning, and then, after generalization of high values of
the burning-rateunsteady component,we can account for nonlinear
effects as well.

V. SP Unsteady Burning Rate
in Linear Approximation

The use of TF W p with � ve determining parameters, that is,

Wp.p/ D ºp
1 C a1¾ C a2 p

1 C .2¸p C p2/=!2
0

(26)

is re� ected in Ref. 15.
Unsteady burning rate in linear approximation is determined by

the formula derived from the Laplace transformation

vn D Wp.p/´n (27)

with subsequent inverse transformation by Laplace to obtain the
dependence vn.¿/.

A slow pressure change corresponds to a linearizationof TF (26)
relative to p, which results in

vn D ºp

µ
´n C

³
a1 C a2 ¡ 2¸

!2
0

´
d´n

d¿

¶
(28)

By replacing p with j! (! is the current frequency) in Eq. (26),
we � nd the corresponding FTF, Wp. j!/. Using a Fourier inverse
transform, by the same procedurewe again obtain relation (28), but
the operationallows us to establishthe relationshipof the coef� cient
of the derivative in Eq. (28) to the phase FRF ’.!/:

80 D
³

d’

d!

´

! ! 0

D a1 C a2 ¡ 2¸

!2
0
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Therefore, to analyze the burning-rate behavior at various steady
values of pressure, it is possible to use the preceding phase FRF,
which leads to the conclusion that only in a limited region of low
pressure (up to 0.4 MPa) is 80 > 0. Here, a leading change in the
propellant burning rate takes place with regard to dependence of
the quasi-steadyrate vq.¿ / at higher pressures,where 80 < 0 is the
time lag.

To compare with results of the theory,2 it is also convenient to
make use of 80 values. Using the ZN parameters k; r; ºp , and ¹, in
a model with constant surface temperature, 80 D k, but in a model
with variable surface temperature, 80 D k.1 ¡ ¹=ºp/. Thus, if we
wish to operate the stated parameters as formal ones for description
of experimental data in the range of low frequencies, we have to
assume that k < 0 or ¹=ºp > 1.

Let us consider the response of unsteady burning rate to a step
change in the pressure. It is possible to leave out the amplitude
value and operate the unit-step function of time ´n D 1.¿/. In that
case ´n D 1=p and a response to a unit-step effect is derived from
Eq. (27) by means of the Laplace inverse transformas the TF of the
automatic control system.13

To be formal note that a response to a step signal can be analyzed
if the FTF accurately describes the system behavior at all possi-
ble frequency intervals of 0 · ! · 1. The experimental data given
above,processedin form of an approximationdependence,are valid
only in the limited regionof low frequencies.Therefore, the greatest
error in reproducingthe burning-rateresponseshould be expectedat
the beginningof the transitionprocesswhen the high-orderfrequen-
cies prevail. (The unit-step function has, as we know, a continuous
frequency spectrum.)

Let us analyze the responsebehaviorat ¿ ¿ 1. As in Ref. 2, let us
assume p À 1 in Eq. (27) and con� ne ourselves to the � rst terms of
expansion.Then, after applicationof the Laplace inverse transform,
we get

vn.¿ / D ºpa2!2
0¿ (29)

In contrast to the results in Ref. 2, the burning rate at the moment
of pressure jump does not undergo a discontinuity; only a break in
the derivative is observed.

Taking into account that a2 < 0, we obtain for the SPs a picture
that is presented qualitatively in Fig. 7: At the beginning of the
transition process, the curve vn.¿ / tends to opposite behavior in the
form of the step dependency vq.¿ / in relation to the input signal.
Such a development of the process is the result of representing
experimental data in a form that meets the minimum mathematical
requirements for describing � ve parameters.

Let us compare that variant with a representation W p.p/ de-
scribed with six parameters in Eq. (24), which leads to replacement
of Eq. (29) with the relation

vn.¿/ D 2ºpa3!2
0

p
¿=¼

Introduction of a3 6D 0 changes to some extent the values of all
of the other parameters except ºp but provides practically no im-
provement in the FRF approximation accuracy, on the whole, and
complicates the mathematical description. Figure 8 clearly shows
how drastically the process character changes at its beginning with
a3 > 0 in comparison to curve 1.

If we use the Laplace inverse transform14 in Eq. (27) with TF
(26), then, with an external unit-step effect, we obtain the TF

Fig. 8 Variants of the
transient process initial
stage for stepped exter-
nal signal by approximate
equations with � ve (1) or
six (2) dynamic parame-
ters.

h.¿ / D ºr

©
1 ¡ .a1=2/ erfc.

p
¿=2/ ¡ e¡¸¿ .C3 cos Ä¿ C D3 sin Ä¿/

C .a1=Ä/e¡¸¿ [.b3 F C b4G/ sin Ä¿ C .b3G ¡ b4 F/ cos Ä¿ ]
ª

where

C3 D 1 ¡ a1=2; D3 D .¸=Ä/.1 ¡ a1=2/ ¡ .a2=Ä/!2
0

b3 D b2Ä ¡ b1¸; b4 D b1Ä C b2¸

The dependenceh.¿ / can be assessedqualitativelyin Fig. 8, as well
as in the experimental curves with various pressure drops (b) in
Fig. 4.

With an input signal of a random form, we have14

vn.¿ / D
Z

¿

0

h.¿ ¡ µ/
d´.µ/

dµ
dµ

One of the standard forms of external effect is a signal changing
by the harmonic law. An expression for response (of burning rate)
essentiallydependson the initial signalphase. It is least complicated
in the caseof soft switchingon,when the initialphaseof the pressure
following the sine curve is zero. However, even in that case the
notation turns out to be very bulky, and for that reason as well
as practical ones, we con� ne ourselves here to reduction of the
undamped response portion of the steady system with input signal
frequency.The unit amplitude of the input sinusoidalsignal and the
dimensionlesscyclic frequency! of its variation´n D !=.p2 C !2/.
After substitution of ´n into Eq. (2) and application of the Laplace
inverse transform, we obtain the following relationship describing
deviations of the unsteady burning rate when the initial data are
ignored:

vn.¿ / D
ºr !

2
0

4¸2!2 C
¡
!2

0 ¡ !2
¢2

[.C4 ¡ D4¸ C H / sin !¿

C .!D4 C K / cos !¿ ]

Here,

C4 D .1 ¡ a1=2/
¡
!2

0 ¡ !2
¢

C 2¸a2!2

D4 D a2

¡
!2

0 ¡ !2
¢

¡ 2¸[1 ¡ .a1=2/]

H D a1"
¡
2¸2 C !2

0 ¡ !2
¢

¡ a1¸
¡
!2

¯
"1

¢

K D a1!
¡
2¸2 C !2

0 ¡ !2
¢¯

2"1 ¡ 2a1"1¸!

"1 D
h

1
2

±q
1
16

C !2 C 1
4

²i 1
2

The amplitude of the deviation is an amplitude FRF Ap.!/ and
determines the amplifying properties of the system depending on
frequency and the phase, that is, the phase FRF ’.!/. Examples
of such functions derived according to the experimental dynamic
parameters for two SPs, as well as their general description, were
given earlier.

VI. Stability of Steady Regime
in Combustion Chamber

The problem of low-frequency stability of a steady regime in a
combustion chamber leads to simultaneous consideration of equa-
tions of chamber dynamics and SP unsteadyburning rate. In a zero-
dimensional formulation, if combustion product parameters are av-
eraged by free volume, then their density ½, temperature T , and
pressure P in the chamber are described by relations16

V
d½

dt
D Sm ¡ 0

P F¤p
RT

V
d
dt

.cv ½T / D kmSÃ RT f ¡ 0P F¤ k
p

RT ; P D ½ RT

(30)
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Commensurate with the relative depth and the rate of changes
of parameters during the transition process, we can assume as in-
variable V; 0; R, and k, as well as the coef� cient Ã determining
combustion completeness in a heat-insulated chamber, and � ame
temperaturedeviationsfrom T f in an unsteadyregime.The adequate
choice of value Ã , as shown in Ref. 16, can also help to account
indirectly for heat losses from a chamber without heat insulation.
In both cases, we should assume that Ã D Ã.P; u/; thus, the given
function re� ects general regularity for steady and unsteady condi-
tions. That is why it is admissible to determine it experimentally
under steady conditions.

The process of combustionwith constant enthalpyof equilibrium
propellant-combustionproductsof equilibriumpropellantthat come
from the burningsurface into the chambercorrespondsto Ã D 1; the
isothermal process in the chamber corresponds to k D 1.

The system of equations(30) should be complementedby depen-
dencies for unsteady burning rate and external effects (let them be
the burning surface and the nozzle throat surface) as time functions:

u D u.P; TH ; t/; S D S.t/; F¤ D F¤.t/ (31)

Let us introduce additional symbols for small deviations from
steady-state values:

yn D ½=½0 ¡ 1; #n D T=T0 ¡ 1

sn D S=S0 ¡ 1; fn D F¤=F¤0 ¡ 1

with T0 D Ã0T f . For de� niteness, we assume the out� ow regime to
be above critical, that is, 0 D 0.k/. After linearizationof Eqs. (30)
and (31) and transition to the Laplace transforms, we obtain

.1 ¡ Ãp C Â p=k/´n ¡ .1 C Ãu/vn C #n=2 D sn ¡ fn

Ń C Âpyn ¡ vn ¡ #n=2 D sn ¡ fn

´n ¡ yn ¡ #n D 0; W p´n ¡ vn D 0 (32)

The conclusionon steadinessis obtainedby analyzingthe character-
istic equation,which is derived by equating the system determinant
(32) to zero:

Wp D ºk
1 C h1Â p C h2Â 2 p2

1 C h3Â p
(33)

Here,

h1 D .3k C 1/=k ¡ 2Ãp

2 ¡ Ãp
; h2 D 2

k.2 ¡ Ãp/

h3 D 2.1 C Ãu/

2 C Ãu
; ºk D

2 ¡ Ãp

2 C Ãu

The right-handpart of Eq. (33) is an expressioninverse to the TF Wk

of an opened system of automaticcontrolwhen we considerburning
rate as the input signal and pressurein the chamberas the output.We
can easily make sure of the function after obvious transformations
of system (32), namely, exclusionof the last equation, transposition
of components containing vn into the vector of free components,
and subsequent solution.

The asymptotic, stable, steady-state combustion regimes of pro-
pellantcombustionin a combustionchamberare de� ned by the roots
of Eq. (33) with negativereal components.With p D 0 from Eq. (33)
with account of Eq. (26), we obtain a condition of static stability:

ºp < ºk (34)

On the oscillating boundary of stability, we have, according to
Eq. (33), the relation between FTFs,

Wp. j!/ D W ¡1
k . j!/ (35)

Fig. 9 Comparison of logarithmicFRFs of SP burning zone with com-
bustion chamber showing the limit of determination of stable regime
for an SP burning in combustion chamber.

which allows us to � nd the frequency of stability loss !y and the
value of the instrument constant Â¤ as a result of resolving the sys-
tem of two equations composed of real and imaginary components,
Eq. (35).

Figure 9 graphicallypresents an example using the experimental
amplitude L.!/ and the phase’.!/ FRFs of the DB propellantstud-
ied earlier, where p D 0:1 MPa and combustionat constantpressure
is steady. Values ºp and ºk are converted into decibels and are plot-
ted as the wave at the top of Fig. 9, and their levels on the graph
are shown by the dashed lines; !¤ corresponds to the simultaneous
intersection of ’.!/ and L.!/, with FRFs plotted by Wk and taken
with opposite signs. With a � xed value of Qºk , the intersection is pos-
sible in frequency range .!a ; !b/, where we observe an excess of
L over Qºk and the phase ’ is positive. Numerically, !a and !b are
found from the conditions

³
2 ¡ Ãp

2 C Ãu

´2

D º2
p

£
.1 C a1 Re ¾a/2 C .a2!a C a1 Im ¾a/2

¤
£¡

1 ¡ !2
a

¯
!2

0

¢2 C 4¸2!2
¯

!4
0

¤

a2!b ¡ a1 Im ¾b

1 C a1 Re ¾b
¡

2¸!b

¯
!2

0

1 ¡ !2
b

¯
!2

0

D 0

¾a ´ ¾. j!a/; ¾b ´ ¾ . j!b/ (36)

For the zero-dimensionalformulation of the problem of intracham-
ber processes, the individual peculiarities of the chamber are indi-
rectly accounted for by the value Ã , so that it is possible to allow
for some variation of the coef� cient ºk , related to it. It follows from
Fig. 9 that, for a statically stable system, a dynamic instability ap-
pears when the value Qºk changes from Qºp to Lb D L.!b/ and, conse-
quently, !a changes from zero to !b . With Qºk > Lb , the propellant
combustion in the chamber is steady for any Â .

It is possible to show that, in the system considered,there exists a
single root !¤. For that purpose it is suf� cient to vary the values Ãu

and Ã p in such a way as to have Qºk varied in the rangeof (Qºp; Lb). We
take k D 1:25. In all of the variants, the root of the denominator on
the rightside of Eq. (36) is less than the higher root of the numerator.
Therefore, on the basis of the rules for plotting asymptotic FRFs,13

¡Ãk.!/ and ¡L k .!/ are monotonically increasing functions that
give one value for !¤ when crossing ’.!/ and L.!/.

Figure 10 shows the stabilityboundariesdependingon parameter
variationsat a pressureof 0.1 MPa. PositivevaluesofÃ p are chosen,
which correspondto the growthof completenessof combustionwith
pressure. The parameter Ãu may have a value below zero because
an increase in productmovement rate decreasestheir residence time
in the combustion chamber, and increases heat transfer to the walls.
With � xed values of Ãu , a range of variations in the value of Ãp

on the stability boundary is revealed. The minimum value of Ãp

with Â¤ D 0 is established from the condition that Qºk D Lb , which
is obtained from Eq. (36) by means of a formal substitution of !a

with !b .
The uppervalueof Ãp is determinedas a result of !¤ diminishing

to zero and satisfying the equation ºk D º, which forms vertical



ROMANOV 833

Fig. 10 Limits of stable regime depending on variation in parameters
Ãu and Ãp at P = 0.1 Mpa.

asymptotes in Fig. 10. The entire con� guration of the stability
boundary is established by means of solving transcendental equa-
tionsresultingfrom theequationof phasesand amplitudesaccording
to Eq. (35).

In the example considered, the differentiating properties of the
TF Wp are rather limited, positive ’ are small, and !¤ are close
to !a . The curve Â¤.Ãp/ quickly approaches the asymptote in the
range of small Â . Assuming that !¤ D !a and discarding powers
higher than the � rst, we obtain from the condition of the equation
of phases ’.!a/ D ¡’k.!a/ the approximate relationship for the
stability boundary in the area of fast-changingÃp :

Â¤ D ’.!a/=!a.h1 ¡ h3/

In Fig. 10 the stability region is located at the left of each boundary.
In case of subcritical out� ow from the nozzle, the sequence of

calculations remains the same. On the left-hand sides of the � rst
two equations of system (32), the terms z Ń are added:

z D d 00

d P0
D

k ¡ 1

2k

"³
P0

Pe

´.k ¡ 1/=k

¡ 1

#¡1

¡ 1
k

where Pe is externalpressure,and z > 0 up to the transitionto above-
critical out� ow, at which point z D 0. The changes touch upon the
following constituent relations for Eq. (33):

ºk D
2 ¡ Ãp C 2z

2 C Ãu
; h1 D

.3k C 1/=k ¡ 2Ãp C 2z

2 ¡ Ãp C 2z

h2 D 2
k.2 ¡ Ãp C 2z/

From the conditionºp D ºk , it follows that the stabilityregion grows
because of the shift of the boundary in the direction of increasing
Ãp .

VII. Nonlinear Effects in Unsteady Burning of SPs
Accounting for nonlinear effects in the indicated region of vari-

ation in ! is the next step in describing SP unsteady burning that
allows us to use the experimental data discussed in Sec. II, but this
time without extrapolation to zero amplitude of the external effect.

The mostconvenientform for approximationof experimentaldata
is the method of harmonic linearizationof nonlinearities,which was
developed in the applied theory of processes in nonlinear systems.
The method was developedfor practical applicationsin the dynamic
calculations for automatic control system design.17

The method is unique in that the low-value parameter is intro-
duced not into the analyzed system of nonlinear differential equa-
tions, as in the other quasi-linear methods, but directly into the
solution itself.

The meritsof thatmethodincludecoverageof a wide class of non-
linearities, accuracy suf� cient for practical purposes, ability to re-
veal the effect of nonlinearitieseven in the � rst approximation,abil-
ity to obtain a minimum mathematical description from the view-
point of the number of additional dynamic parameters. Limitations
includeuse only for oscillatingsystems far from initial disturbances
and the need for � lters in the linear portion of the automatic control
system.

The equation for automatic control system dynamics is written in
the form

Q.p/x.t/ C R.p/y.t/ D s.p/ f .t/ (37)

Mathematical interpretationof the harmonic linearizationmethod is
re� ected most simply in symmetric free oscillations when uniform
equations resulting from Eq. (37) are subject to solution. Then,17

x.t/ D x1.t/ C "z.t/; x1.t/ D A1 sin Ä1t

y.t/ D F.x1; px1/ C "8.t/ (38)

After a number of transformations, the given nonlinear function is
presented in the following form:

y D F0 C C1 sin Ä1 C B1 cos Ä1t C
1X

k D 2

Fk .t/

where Fk .t/ is the � nite higher harmonics and "8.t/ are the small
numbers of all frequencies.

For the � rst approximation x D A sin Ät, the uniform equation
can be transformed into a harmonically linearized one:

fQ. p/ C R.p/[q C .q 0=Ä/p]gx D 0 (39)

where q and q 0 are the coef� cients of harmonic linearization,with

q D
C1

A
D 1

¼ A

Z 2¼

0

F.A sin Ã; AÄ cos Ã/ sin Ã dÃ

q 0 D
B1

A
D

1

¼ A

Z 2¼

0

F.A sin Ã; AÄ cos Ã/ cos Ã dÃ (40)

An additional relationship,
­­­­

R. jkÄ/

Q. jkÄ/

­­­­D "nck

­­­­
R. jÄ/

Q. jÄ/

­­­­; n ¸ 1 (41)

where ck are the random � nite positive numbers, matches the � lters
of the linearportionof theautomaticcontrolsystemso that a solution
in the form of Eq. (38) is possible.

Application of the approximation method to unsteady burning-
ratemeasurementsfor SPs requiresconsiderationof the peculiarities
of concrete experimental realizations.

Returning to Fig. 2, we can see that the unsteady component
un D u ¡ uq , beginning from its maximum value, decreases in os-
cillating one-frequency transition regime. The � lter of system lin-
ear portion operates in such a way. We can state that smoothing
of high-frequency constituents is connected, to a certain degree,
to the measurement method, which provides for discrete in time
measurements of the sample mass with subsequent smoothing of
dependencies by splines and differentiation over time. Thus, aver-
aging of the unsteady burning rate for the sample surface is carried
out automatically.

To determine the mathematical form for presentationof approxi-
mating relations, let us direct attention to the nonlinear equation of
heat conductivity in the c-phase of the burning propellant,which is
responsiblefor the characterof the transition process.Let us use the
simplest variant corresponding to Novozhilov’s model:

@µ

@¿
D @2µ

@» 2
¡ v

@µ

@»

» ! ¡1; µ ! 0I » D 0; µ D µs (42)

After � nding the � rst integral of Eq. (42) and isolating the linear
constituents,we obtain

d
d¿

Z 0

¡1
µn d» D ’Sn ¡ µSn ¡ Vn ¡ VnµSn (43)
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Comparing Eq. (43) with the linear TF, we obtain the following
operational form:

±
p C c1 ¡ d1

q
p C 1

4

²
Vn C G.¾ /V 2

n D 0

c1 D 1
4

C
q

1
16

¡ ¸0=2 C !2
0; d1 D

p
2.c ¡ ¸0/

G.¾ / D g C h¾ C ¢ ¢ ¢ (44)

By excluding irrationality in the � rst term of Eq. (44), we get the
uniform equation of dynamics,

¡
p2 C 2¸0 p C !2

0

¢
Vn C

±
p C c1 C d1

q
p C 1

4

²
G.¾ /V 2

n D 0

(45)

Note that the operationalpolynomial Q.p/ of the linear term corre-
sponds to the TF denominatorwith accuracyup to the factor in (20).

It is possible to reduce operational expressions in Eq. (45) to the
canonical automatic control system form if the � rst terms of factor
expansions by p are used in the second component:

Q.p/vn C R. p/F.vn/ D 0 (46)

Q. p/ D p2 C 2¸0 p C !2
0

R.p/ »D [p.1 C d/ C c1 C d1=2].g C hp/I F .vn/ D v2
n (47)

In the transition process with nonsymmetric oscillations like the
process of variation in unsteady burning rate during pressure drop
fromanuppertoa lower level, thedependencevn.¿ / is approximated
in form

vn D vn0.¿ / C A.¿ / sin 9.¿/

dA

d¿
D ¡A¸.A/;

d9

d¿
D Ä.A/ (48)

Performing the harmonic linearizationof Eq. (46), we obtain

fQ.p/ C R.p/[q C .q 0=Ä/p]gVn D 0 (49)

Coef� cients of harmonic linearization q and q 0 are determined ac-
cording to Ref. 17 with the help of the relations

q D 1
¼ A

Z 2¼

0

.Vn0 C A sin 9/2 sin 9 d9 D 2v2
n0

q 0 D 1
¼ A

Z 2¼

0

.Vn0 C A sin9/2 cos9 d9 D
4v2

n0

¼
(50)

Depending on the amplitude, the aperiodic component vn0 is found
from

Q.0/vn0 C R.0/F0 D 0

if

F0 D
1

2¼

Z 2¼

0

.Vn0 C A sin 9/2 d9 D V 2
n0 C

A2

2

and is determined by the relation

Vn0
»D ¡nu A2; nu D g

c1 C d1=2

2!2
0

(51)

After substitutionof p D ¡¸ C jÄ into Eq. (49) with consideration
for Eqs. (50) and (51), we get two equations for actual and linear
components, the solution of which gives

¸ D ¸0 ¡ n¸ A2; Ä D Ä0 ¡ n! A2 (52)

with

n¸ D nu.¼ E ¡ 4D=¼/; n! D nu.D ¡ E/

D D .1=Ä0/
©
g[c1 C d1=2 ¡ ¸0.1 C d/] C h.1 C d1/Ä

2
0

ª

E D .2=¼/.1 C d1/.g ¡ 2¸0h/; Ä0 D
p

!2
0 ¡ ¸2

0

Thus, even in the � rst approximation, we get corrections to the
decrement of damping and frequency proportional to the square
of the amplitude. They should be introduced in the expression for
transfer function (26) with high unsteady burning rate deviations
from the quasi-steadyvalue. The introduced values g and h can be
considered as additional dynamic parameters that determine those
corrections.18

As additional dynamic parameters instead of g and h, any pair
from among the factors n; n¸ , and n! can be used, given in relations
(51) and (52). Their values for DB SPs are given in Table 2.

Values for nu ; n¸ , and n! are found as a result of processing the
same experiments in which the parameters in Eq. (26) are deter-
mined, but now without extrapolation to the zero external effect.18

Note, however,thatonly the resultsof experimentsin which the tran-
sition processes from the upper level to the lower level of pressure
took place were used. For that reason the possible hysteresis phe-
nomena,which can be establishedby comparisonwith experimental
data obtained during the pressure rise, were not revealed.

Thus, two additional dynamic parameters g; h or any pair from
among nu ; n¸ , and n! allowus to account,with accuracysatisfactory
for harmonic linearization,for nonlinear effects causing the depen-
dence of the damping decrement, the oscillation frequency, and the
nonoscillatingconstituenton the oscillationamplitude.In that sense,
the complete nomenclature of dynamic parameters includes seven
values: ºp; ¸0; !0; a1; a2 , and, for example, n¸ , and n! .

Figures 11 and 12 show a diagram of the quality of nonlinear
oscillation damping for the SP studied. In the plane of the rela-
tive amplitude A-parameter (equivalent to pressure P), the lines of
equal dimensional values of the damping decrement ¸d (Fig. 11)

Table 2 Values of parameters determining the corrections
proportional to A2 for linear TF

P , MPa g ¡h nu ¡n¸ n!

0.4 1.6 2.25 0.28 18.0 2.7
0.8 0.96 2.1 0.30 7.6 1.6
1.2 0.72 1.17 0.33 3.8 0.98
2.0 0.56 0.65 0.36 2.2 0.62
3.2 0.36 0.19 0.40 0.67 0.14
4.6 0.30 0 0.45 0.33 0.03

Fig. 11 Levels of dimensional fading decrement of nonlinearunsteady
burning rate ¸d on the plane (A; P) for a DB propellant.
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Fig. 12 Levels of dimensional fadingdecrement of nonlinearunsteady
burning rate oscillations X d on the plane (A; P) for a DB propellant.

Fig. 13 Qualitative sketch of nonlinear oscillations of SP burning rate
with aperiodic part: curve 1 = vn(t); 2 = vn0 (t).

Fig. 14 Qualitative sketch of transition to self-sustained oscillatory
regime in dependence of initial conditions.

and frequenciesÄd (Fig. 12) are plotted. The dashed lines are used
to mark the error values (10%, 20%, 30%) due to extrapolation of
the results into the region of high amplitude values.

The quantitative picture of realization of nonlinear unsteady-
burning-rate oscillations for the SP studied is shown in Fig. 13.
With assigned initial relative amplitude Ac in the region of low
pressure, where ¸ < 0 (point C), the unsteady regime with ampli-
tude increasing over time (shown with arrow) is realized. With the
same value AD in the regime of higher pressures (point D), the
regime of nonlinear oscillations is steady. In both cases the oscilla-
tions are nonsymmetrical, the nonsymmetricalconstituentvn0.¿/ is
negative.

For other SPs, for which we observe self-sustained oscillations
during combustion of the unsteady burning rate a possible mech-
anism is shown in Fig.14. The system reaches the regime of self-

Fig. 15 Resonance curves plotted with extrapolation of experimental
data into the area of large-amplitudenonlinearoscillations for a DB pro-
pellant (P = 1.2 MPa). Point G corresponds to a self-sustained oscillatory
regime.

sustained oscillations from the steady-state (point E) or unsteady
(Point H) regime.

When studying forced oscillations of the nonsteady burning rate
caused by harmonic oscillations of the external factor (pressure)
with relative amplitude B, it is possible to use TF (2) subject to de-
pendence¸0 and !0 on amplitude.Then, extrapolationof the results
obtained for the entire region of relative amplitude and frequency
variations for the propellant studied gives the picture presented in
Fig. 15. It canbe seen that the resonancecurvescharacteristicof non-
steady burning nonlinear oscillations are realized, with the deriva-
tives @A=@! on the curve i being in� nite. A quantitativeanalysisof
similar data is given in Ref. 2.

VIII. Conclusions
The frequency method for measuring the SP unsteady burning

rate with variable external effect allows us to obtain experimen-
tal material in the form of realizations of unsteady burning rate
over time, which is used for constructionof functionalSP unsteady
burningmodelsbymethodsbasedonautomaticcontroltheory.Low-
frequency constituents of unsteady burning rate were studied, and
averagingthe burning surfaceof DB and compositeSP samples was
applied. It was shown that the most convenient forms for presen-
tation of linear TFs in functional modeling are structures built on
the basis of unsteady burning phenomenological theory. With help
of � ve dynamic parameters determined as a result of experimental
data processing, it is possible to solve all principal problems of SP
unsteady burning linear theory. To account for nonlinear effects, it
is suf� cient in the � rst approximation to have two additional pa-
rameters obtainedas a result of experimentaldata processingby the
method of harmonic linearization.
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